The boundary element method is applied to determine the effective elastic moduli of continuum models of composite materials. In this paper, we specialize to the idealized model of hexagonal arrays of hmnitely long, aligned cylinders in a matrix (a model of a fiber-reinforced material) or a thin-plate composite consisting of hexagonal arrays of disks in a matrix. Thus, one need only consider two-dimensional elasticity, i.e., either plane-strain or plane-stress elasticity. This paper examines a variety of cases in which the inclusions are either stiffer or weaker than the matrix for a wide range of inclusion volume fractions &. Our comprehensive set of simulation data for the elastic moduli are tabulated. Using the boundary element method, a key microstructural parameter 7,72 that arises in rigorous three-point bounds on the effective shear modulus is also computed. Our numerical simulations of the elastic moduli for the hexagonal array are compared to rigorous two-point and three-point bounds on the respective effective properties. In the extreme instances of either superrigid particles or voids, we compare analytical relations for the elastic moduli near dilute and close packing limits to our simulation results.
I. INTRODUCTION
The problem of determining the effective transport and mechanical properties of disordered composite materials is a classical subject of research in science and engineering, dating back to the work of Maxwell, ' Rayleigh, ' and Einstein3 The complexity of the microstructure of random composite media makes an exact theoretical determination of the effective properties generally not possible. This naturally leads one to attempt to estimate the properties from partial statistical information on the sample in the form of correlation functions, and in particular, to establish the range of possible values the effective properties can take given such limited morphological information, i.e., to determine rigorous upper and lower bounds on the properties. In the last decade, considerable theoretical progress has been made on the derivation of rigorous bounds,4-6 identification of the microstructures that correspond to the extreme values (i.e., optimal bounds),'-" and the systematic characterization and determination of the statistical correlation functions that arise in bounds. * ' There has been relatively much less research directed toward obtaining effective properties "exactly" from computer simulations, especially for off--lattice or continuum models (e.g., distribution of particles in a matrix). Such "computer experiments" could provide unambiguous tests on theories for well-defined model microstructures.
In the case of static composite media, most numerical studies have focused on obtaining effective diffusion parameters such as the effective conductivity, effective diffusion coefficient, and effective time scales associated with diffusion and reaction among traps. An efficient means of computing effective diffusion properties is by employing first-passage-time algorithms." Comparatively speaking, there is a dearth of numerical simulations of the effective elastic moduli of continuum models of composites.
Approximately 20 years ago, numerical data for the effective elastic moduli were obtained for square'3*'4 and hexagonal arrays ' 5 arrays of cylinders in a matrix for a limited selection of material properties. Most of these studies made use of finite difference procedures. Very recently, Day et al. I6 have devised a discretized-spring scheme that is realized on digital-image-based model of a twodimensional, two-phase material in which one of the phases has zero elastic moduli (i.e., holes) to compute the effective elastic moduli. This method has recently been extended to treat cases in which both phases have nonzero moduli. " The purpose of this paper is to begin a program to provide accurate and comprehensive numerical data for the effective elastic moduli of continuum models of composite materials by employing the boundary element method." In the first paper of this series, we specialize to the idealized model of hexagonal arrays of infinitely long, aligned cylinders in a matrix (a model of a fiber-reinforced material) or a thin-plate composite consisting of hexagonal arrays of disks in a matrix. l3 (In the sequel to this paper, random arrays will be studied.") In all cases we seek to determine the effective elastic properties in a plane perpendicular to the generators and thus need only consider twodimensional elasticity (i.e., either plane-strain or planestress elasticity). We examine a number of instances in which the inclusions are either stiffer or weaker than the matrix for a wide range of inclusion volume fractions +2. Because the method is accurate, we tabulate all of the simulation data for the elastic moduli. Using the boundary element method, we also compute a key microstructural parameter q2 that arises in rigorous three-point bounds on the effective shear modulus. Our numerical simulations of the elastic moduli for the hexagonal array are compared to rigorous two-point and three-point bounds on the respective effective properties. Finally, in the extreme instances of superrigid particles or voids, we compare analytical relations for the elastic moduli near close packing to our simulation results.
The remainder of the paper is organized as follows. In Sec. II we review some pertinent theoretical results and obtain an asymptotic relation near close packing for the elfective shear modulus in the case of superrigid inclusions in an incompressible matrix. In Sec. III the boundary element method is described for the problem at hand, i.e., for two-dimensional arrays of inclusions. In Sec. IV we present our simulation results for the in-plane elastic moduli of hexagonal arrays. Here we also present numerical data for the aforementioned three-point microstructural parameter r/z arising in bounds for the shear modulus. Our data are compared to rigorous bounds and analytical asymptotic relations. Finally, in Sec. V we make concluding remarks.
II. THEORETICAL RESULTS
Here we-discuss some previous theoretical results for the elastic moduli such as the dilute-concentration results, high-concentration results, and rigorous three-point bounds. In the case of nearly touching superrigid inclusions in an incompressible matrix, we derive an analytical expression for the effective shear modulus.
A. Basic definitions for two-dimensional elasticity
Before reviewing some theoretical results pertinent to this paper, it useful to define the elastic moduli for twodimensional (2D) media. Fist consider a homogeneous 2D body which is isotropic. For such a material, the relationship between the stress tensor ail and strain tensor eij is given by Uij=(k-G)ekksif+ZGeij, i,j,k= 1,2.
(1)
This relation defines the 2D bulk modulus k and shear modulus G. Note that the symmetric stress and strain tensors have three independent components. Similarly, we write the strain-stress relation as
where v and E are the 2D Poisson's ratio and Young's modulus, respectively. Clearly, there are only two independent moduli. Comparing relations (1) and (2) yields, e.g., the following interrelations: Equation (4) reveals that the 2D Poisson's ratio lies in the interval [-1,1] as opposed to its three-dimensional (3D) counterpart that lies in the interval [-1,0.5] . Now consider a two-phase 2D body. Denote the corresponding elastic moduli for phase i by k,, Gi, vi, and Ei. Then relations (3)-( 5) apply to each phase, i.e., append a subscript i to each of the moduli in Eqs. (3)-( 5). Similarly, denote the corresponding 2D effective moduli by k,, G,, vc, and E,. Again, relations (3)-( 5) apply to the effective properties. The constitutive relations ( 1) and (2) apply as well except that the stress and strain tensors must be replaced with the average stress and average strain tensors, respectively.
Thus far we have not had to state whether we are dealing with plane-strain or plane-stress elasticity. Such specifications only arise when one desires to make contact with 3D elasticity. Plane-strain elasticity is physically relevant when considering a fiber-reinforced material. On the other hand, plane-stress elasticity is physically relevant when considering two-phase composites in the form of thin sheets. It is simple to relate 2D to 3D moduli for a single 3D isotropic material. This is done in the Appendix where it is shown, among other results, that the 2D shear modulus G (either in plane strain or plane stress) is equal to the 3D shear modulus. However, the bulk-moduli relations are not so simple. The plane-strain bulk modulus k is related to the 3D bulk modulus K by the well-known relation k=K+G/3.
By contrast the plane-stress bulk modulus k obeys the relation
Other interrelations among the 2D and 3D moduli are given in the Appendix. It is important to emphasize that the relations (6) and (7) apply only to individual phases. Relations (6) and (7) do not apply to the effective properties.
In the Appendix we discuss the interrelations among the effective 2D moduli and the effective 3D moduli.
Dilute-concentration results
Consider any macroscopically isotropic 2D composite consisting of a equisized circular disks in matrix. Through first order in the inclusion volume fraction 42, the following exact asymptotic relations hold for the effective inplane bulk and shear moduli, respectively,"
(k+G,)
C. Intermediate-concentration results Using the method of "resonances," Kantor and Bergmar?' obtained expansions for the elastic moduli of hexagonal arrays in powers of &. In the case of the effective bulk modulus k, the expansions go up to order 4:'; whereas in the instance of the effective shear modulus G, the expansion goes up to order &.
D. High-concentration results
It appears that Elaherty and Keller14 were the first to find asymptotic relations for the elastic moduli of twodimensional, two-phase composites consisting either of circular holes (kz=Gz=O) or superrigid inclusions (G2/G1 = CO ) near the close-packing volume fraction 45. They reasoned that the elastic behavior in these extreme situations was governed by the narrow "necks" between the holes or inclusions. Flaherty and Keller specifically examined square arrays and found that for holes
where ci is a simple constant dependent upon the matrix elastic moduli and lattice geometry. Similarly, for nearly touching superrigid inclusions in a compressible matrix, they found
where c2 is a simple constant dependent upon the matrix elastic moduli and lattice geometry. We note here that the above result for superrigid inclusions will not hold when the matrix is incompressible. This is easily seen by observing that their derivation breaks down in the incompressible limit. Recently, Day et al. l6 obtained corresponding asymptotic relations for holes and observed that there are generally three breakdown modes for the necks. For the hexagonal array, the microgeometry of concern in this paper, they found the following relations for the effective bulk and Young's modulus, respectively, GEE? 8
where El is the in-plane Young's modulus of the matrix and the critical inclusion volume fraction
Using the equations given immediately above and relation (5), the corresponding result for the effective shear modulus is given by Using a similar analysis, we can obtain an asymptotic relation for superrigid inclusions in an incompressible matrix near the close-packing volume fraction &. Specifically, we find that
Note that the critical exponent here is -33/2 in contrast to the exponent -l/2 appearing in relation ( 11) for a compressible matrix.
E. Rigorous bounds
Employing variational principles involving the "polarization fields," Hashin and Shtrikman22 obtained the best possible bounds on the effective bulk and shear moduli for 3D isotropic two-phase composites given only volume fraction information. Hill23 and Hashin" obtained analogous bounds on the effective transverse bulk modulus k, and effective transverse shear modulus G, for transversely isotropic 2D, two-phase materials. We refer to all of the aforementioned inequalities as two-point bounds since they actually incorporate up to two-point correlation function information, albeit in a trivial way. They are not stated here explicitly since they are special cases of the threepoint bounds described below. It is well known that the bounds on k, are achieved for a certain composite-cylinder assemblage. 22t24 The corresponding shear moduli bounds are, however, not realized by such assemblages. Recently, Milton,' Norris, ' and Lurie and Cherkaev' independently showed that the Hashin-Shtrikman (or Hill-Hashin) bounds on G, were attained by hierarchical laminates, thus demonstrating, for the first time, their optimality. In other independent work, Francfort and Murat" found a realization of these bounds using laminates ofjnite rank.
Employing classical variational principles, Silnutzerz5 obtained bounds on the effective 2D bulk modulus k, and effective shear modulus G,. Milton' subsequently simplified each of the above three-point bounds, showing that the bounds on k, can be expressed in terms of 42 and a threepoint parameter f2 (defined below) and that the bounds on Ge can be expressed in terms of $2, c2, and another threepoint parameter ~7~ (defined below). The simplified forms of the Silnutzer three-point bounds on the effective bulk and shear moduli are, respectively, given by kr'<k <kC3' e u 9 ' and GZ"<G <Gc3' e u 9 
For isotropic media, the n-point probability functions S, depend upon the relative distances of the n points. S2( T) is the probability of finding in phase 2 the endpoints of a line segment of length Y. S3 (r,s,t) is the probability of finding in phase 2 the vertices of a triangle with sides of lengths r, s, and t, when randomly thrown into the sample. Here fJ is the angle opposite the side of the triangle with length t. That & and vi must lie in the closed interval [O,l] implies that the bounds ( 17) and (20) always improve upon the Hill-Hashin two-point bounds. When c2 =0 and r/2 = 0, the bounds ( 17) and (20) .coincide and equal the wrresponding two-point Hill-Ha&in lower bounds (for k2>kI and G,)G,). When 5;=1 and q2==1, the bounds (17) and (20) coincide and equal the corresponding Hill-Hashin upper bounds (for k2>k, and G2)G1). It is important to emphasize that the three-point bounds ( 17) and (20) are valid for any isotropic microgeometry. Note that when the phase shear moduli are equal (Gi ==G,=G), the bounds (17) and (20) collapse, i.e., they yield the exact results:
This result, which was first shown by Hi11,22 will be used to test our simulation results. Recently, Thorpe and Jasiuk26 have noted that the exact results (33) and (34) are equivalent to stating that both the effective Poisson's ratio and Young's modulus obey the law of mixtures.
III. BOUNDARY ELEMENT METHOD
The boundary element method (BEM) provides a very efficient way to compute effective elastic properties of fiber reinforced composite materials. The elastic inclusion boundary value problems described in the following section must be solved to determine the relationship between certain fundamental strain states and corresponding average stress measures. The BEM is ideally suited for this because all information regarding effective properties is accessible on the boundary of the elastic domain, no interior field data is required.
A. Basic equations
The boundary integral equation for linear elasticity isI
Iwhere l?(g) represents the bounding curve (including inclusion boundaries) of the elastic problem. The displacement components on the boundary are Uj and traction components are pr. Summation is implied over repeated subindices. This integral equation must be satisfied at each "source" point g on the boundary. Note that g is a vector with two measure numbers ( g1 ,c2) referred to an arbitrary origin, The "field" point position vector has measure numbers (xi ,x2). The quantities p$ and U$ are related to the Green's function for 2D linear isotropic elasticity and are given by ufpd = *q(lf-,v)G [ (3-4v) Note that ni are the measure numbers of the unit outward normal vector to the bounding curve I?. The tensor z&&x) represents the displacement in direction j at field point x due to a unit force applied in direction i at the source point g, while tensorp$(g,x) represents the traction in direction j at field point x due to a unit force applied in direction i at the source point g. The tensor cjj is determined by requiring that rigid body displacements yield zero tractions. The values are computed numerically during formation of the discrete boundary element equation. For the composite problem, the boundary element equation is enforced along the matrix external boundary, the fiber external boundary, and matrix/fiber interfaces (see discussion of unit cell in Sec. IV). Continuity of displacement and traction are enforced along all matrix-fiber interfaces. Several notes regarding the numerical methods used to solve the boundary element equation are in order.
(1) Becker18 provides a comprehensive treatment of the numerical solution of the boundary element equation, including treatment of inclusions.
(2) Corner points have been treated by allowing two independent displacement components and four independent traction components. No "rounding of corners" or "double-noding with small separation distance" has been used.
(3) The logarithmic singularity in u$ was integrated analytically to avoid numerical error.
(4) Three node quadratic elements were employed along with eight-point Gaussian integration.
B. Unit cell and loading for hexagonal array Figure 1 shows the unit cell employed for the hexagonal array configuration. Numerous choices exist for the unit cell geometry. The one we selected is extremely convenient for specification of boundary stresses and displacements. The unit cell is rectangular in shape with dimension 
where L"= ( .Lr )'+ ( L2)2 is the half-length of the unit cell diagonal. Note that R/L= 1 corresponds to the critical inclusion volume fraction. The two dimensional effective bulk and shear moduli were calculated by solving -two fundamental boundary value problems with imposed average stress and strain. The strains for the first problem were Z1t =0, Z2:22= 1 with (Tt2=0. Area average strain and stress quantities are defined according to
It is straightforward to show using the strain displacement equations and divergence theorem that the appropriate displacement and stress boundary conditions on the unit cell are
Using the stress equilibrium equations and the divergence theorem, it can be shown that the average stress 522 can be expressed as 1 s 4 a22=2L, -L1 (T22bl ,Wdxl.
Since the boundary element method naturally provides data (i.e., (T& on the boundary of the unit cell, this definition of Z22 was employed rather than Eq. (43). Then, Eq.
( 1) provides the relationship for the difference between the effective bulk and shear moduli ke-Ge=cT22.
The second fundamental problem was an imposed average shear strain Zi2= l/2 with i?11==i7Z2=0. The displacement and stress boundary conditions in ul(x*,L2)/Lz=--ul(xl,--*)/L2=1, ~~(--~,x2)=u~(L*,x2)=0, ~22(xl,~z)=oi2 (xl,--2) this case are (48) =~ll(-L*,x2)=LT~1(L1,x2)=0.
Again, the average shear stress can be expressed in terms of a boundary integral 
Equation ( 1) then yields Ge=c12.
(51) It is then a simple matter to calculate k, using Eq. (47).
IV. RESULTS AND DISCUSSION
A. Microstructural parameter q2
The microstructural parameter r12 was calculated approximately using the boundary element method and the three-point bound formulas for the effective shear modulus in the incompressible limit k, = k,= CO, i.e., cj1cj2( 1/G2-l/G,)'
Each of these equations can be solved for q, as
(55) Simulations were performed for the hexagonal array geometry at various volume fractions and with shear modulus ratios G2/GI slightly greater than 1. The effective shear modulus G, was determined precisely as described in Sec. III B. Lower and upper bound estimates for v2 (r/f and r]:) were calculated using Eqs. (55) and (54), respectively, by setting Gg) = G, and Gf' = G,. Curves were then constructed of 77: vs G,/Gi and r& vs G2/G1. These curves were then extrapolated back to G2/G1= 1 to provide an estimate of 712. In all cases the lower bound and upper bound curves yielded the same extrapolated value for 71~. This was expected as the bounds collapse as G2/G1 -t 1. The solid circles in Fig. 2 show the result of this calculation. Note that q2~0 until $2 exceeeds 0.25, reminiscent of the behavior of c2. In order to check our method, we calculated the microstructural paramemter c2 in a similiar way using the lower and upper bound formulas for the effective bulk modulus [see Eqs. (18) and (19)]. Figure 2 shows the comparison between our numerical results and results reported by McPhedran and Milton." The agreement is extremely good, thus providing confidence in the new results for q2. Although both 712 and & are monotonically increasing functions of & the curvature of 7,r2 (unlike that of c2), changes with increasing 42. Moreover, we see that Q is always greater or equal to c2, which is consistent with the observation of Torquato6 that there are a large class of composites for which q2>c2. We have used the q2 results to compute three-point bounds for comparison with all our simulations reported on in the Sec. IV B. The boundary element mesh that was used to generate the results discussed above consisted of 926 nodal points, with 181 nodes distributed along each of the sides x1 = i L,, 161 nodes distributed along each of the sides x2= I L2, and 121 nodes distributed along each of the inclusion boundaries. This mesh yielded what were regarded as converged results based on results from two coarser meshes.
B. Effective elastic properties
As stated in Sec. I, the primary purpose of this paper is to document accurate effective elastic properties for a composite material consisting of hexagonal arrays of circular fibers embedded in a matrix. In Tables I-IX we present results for nine different matrix/fiber material property combinations at volume fractions in the range O<$2(0.85. Reported at the top of each table are the 3D elastic moduli for the constituents and the corresponding 2D moduli. Tables I-VII correspond to elastic inclusions either stiffer or weaker than the matrix for plane strain conditions. In particular, Tables I and V are for cases in which the fibers are superrigid relative to the matrix (G,/Gi= 00 >. Tables II-IV represent material properties for boron-epoxy, glassepoxy, and boron-aluminum composites, respectively. Table VI represents a test case for the simulation. Table VII represents the case of an incompressible disk with zero shear modulus, i.e. a model of an imbedded inviscid fluid. Tables VIII-IX are for circular holes in a matrix for plane stress conditions. Boundary element numerical results for k$k,, GJG,, ve and EJE, are listed along with threepoint bounds for the effective bulk modulus and effective shear modulus. Note that the three point bounds on the effective shear modulus have not been reported before in the literature for the hexagonal array because the microstructural parameter r/2 was unavailable. The results in the tables are accurate to the number of digits presented, based GJG,= a, G,/K, =0.46, G,/K, =O.46, v,=O.30, v,=O.30 (3D Moduli) G,/G,= 00, G,/, 'q=O.4, G2/kz=0.4, v, =O.43, v, =O.43 (2D Moduli) on a convergence study of sucessively finer boundary element meshes. The results correspond to the 926 node mesh described above. Figure 3 shows the effective bulk modulus as a function of fiber volume fraction for the case of equal phase shear moduli and incompressible fibers (Table VI) . In this case the bounds collapse yielding the exact result (34). Note the excellent agreement between the numerical results and the exact theoretical results. Figure 4 shows the effective bulk modulus for the moderate case Gz/G1=6.75, 9~=0.35, ~,=0.20 (Table IV) . Here the three-point bounds are extremely tight up to near close packing. The numerical results lie between the bounds as required. The two-point bounds are not presented because they are close to the three-point bounds in this instance. Figure 5 shows the effective bulk modulus for the glass-epoxy case G2/G1=22.5, y1=0.35, ~,=0.20 (Table  III) . Here we show both two-point and three point bounds. It is clear that the three-point lower bound provides a very good estimate of k,, consistent with the observations of Torquato.6 We note that the Kantor-Bergman expansion" for the bulk modulus agrees very well with the simulation data of Fig. 5 . Figure 6 shows the effective shear modulus for the same properties as in Fig. 5 . Here we show both two-point and three-point bounds. Again the three-point lower bound provides a very good estimate of G,. The Kantor-Bergman expansion for the shear modulus gives a reasonably good estimate of the data, but not as good as the agreement found in the corresponding case for the bulk modulus. Figure 7 shows the effective shear modulus for the case of superrigid, incompressible fibers in an incompressible matrix, i.e., G2/G1= 00, ~~=~~=0.50 (Table V) . The extreme shear modulus ratio and incompressibility provide a very stringent test of the numerical method. We only plot lower bounds here since the upper bounds diverge in this case. The three-point lower bound provides a good estimate of the data for a wide range of fiber volume fractions but appreciably underestimates the actual behavior at high volume fractions. Also shown are asymptotic results which hold in the dilute limit (4&l) and in the close-packing limit (&~0.91) [cf. Eqs. (9) and (16)]. The numerical results are in very close agreement with these asymptotic results. We note that the Kantor-Bergman expansion for G, deviates appreciably from the data at high cylinder volume fractions. Figure 8 shows the effective Poisson's ratio for the case of holes when the matrix Poisson's ratio is (Table IX ). It appears that ye is approaching 1.0 in the close-packing limit, consistent with the results of Day et al. l6 who implicitly examined plane-strain elasticity. Figure 9 shows the effective shear modulus for the case of holes for an incompressible matrix (Table VIII) . The three-point upper bound is seen to be a relatively good predictor of the effective property, even at high volume fractions. The asymptotic results for the dilute and closepacking limit [cf. Eqs. (9) and (15)] are also shown. We note that the corresponding scaled effective Young's modulus EJE, in this case of holes is the same as EJE, for the previous case of holes (Table IX) Y. CONCLUDING REMARKS This paper demonstrates the utility of the boundary element method to efficiently and accurately compute the effective elastic moduli of composites. To illustrate the method we computed the elastic moduli of hexagonal arrays of cylinders or disks. We provided the most comprehensive set of effective-moduli data for this model and along the way calculated the three-point parameter r12 for the iirst time. In a future study, we will apply the simulation technique to compute the effective elastic moduli of random arrays of cylinders (disks).
Effective plane-stress interrelations
After some reflection, it is clear that the effective planestrain moduli (denoted here by k, , G, , ,E,, 2nd 2J and the plane-stress moduli (denoted here by k,, G,, Ee, and T& are generally not the same. For example, the effective plane-strain bluk modulus depends upon the phase moduli of the individual phases, i.e., ke==f(h,k,,G,,Gd.
W8)
The solution of the plane-stress problem is identical to the plane-strain problem except the former involves dependence upon the plane-stress phase moduli, i.e., Ze=f(K,,&3&,. The derivation of the interrelations for the effective plane-strain and plane-stress moduli is too involved to place in the Appendix but will be the subject of a future investigation. Here we will only state the interrelations for the special case when one of the phases are voids or holes since we only examine plane-stress elasticity in our simulations in such instances. If phase 2 consists of voids or holes, then 1 1 4(V,L)2 ---
